October Math Gems

PROBLEM OF THE WEEK 21

§1 problems
Problem 1.1. Prove that

csc6° 4+ ¢sc78° — csc42° — csc66° = 8

o o o o 1 1 1 1
answer. T = csc6° + ¢csc 78° — csc42° — csc66°. T' = snee T sm7se — smaze — sn6ee-
T — sin 6°+sin 78° 2 cos 42° _ 1

~ sin6° sin 78° 2 sin 42° cos 42° cos 24° *
T = 2sin42° cos36° _ 2cos42° 2 sin 24°
~ sin6°sin 78° sin84° ~ 2sin 24° cos 24° *
T — 2sin42° cos36° _ 2cos42°  2sin 24°
T sin6°cos12° cos 6° sin48° -
T — 2sin 42°(4cos®12°—3¢c0s12°)  4sin6°cos42°  4sin 24° cos 48°
- sin 6° cos 12° 2 sin 6° cos 6° 255in 48° cos 48° *
T — 2sin 42°(4cos?12°—3)  2(sin48°—sin36°)  4sin 24° cos 48°
- sin 6° sin 12° sin 96° :
_ 2sin42°(2c0s24°42—-3) 2(4sin 12° cos 12° cos 240—(3 sin 12°—4sin? 120) 16 sin 6° cos 6° cos 12° cos 48°

, sin R sin 12° cos 6°
— 2(sin66 “m 1§ —sind2%) 2(4 cos 12° cos 24° — (3 — 45in? 12°) — 16 sin 6° cos 12° cos 48°.

_ 2(20in12° G850 in 18°) _ 2(4 cos 12° cos 24° — (3 — 4 sin? 12°) — 16 sin 6° cos 12° cos 48°.
(

sin 6°
— 204sin6° c0s6 cos 548 sin 6° —4sin?6°) _ g4 (105129 cos 24° — (3—4 sin? 12°) — 16 sin 6° cos 12° cos 48°.
= 2(4cos 6° cos 54°+3—4 sin” 6°)—2(4 cos 12° cos 24° —(3—4 sin? 12°)—16 sin 6° cos 12° cos 48°.
T 2[4 cos6° cos 54° + 3 — 2(1 — cos12°) — 4cos12° cos24° + 3 — 2(1 — cos24°) —
8sin 6° cos 12° cos 48°].
T = 2[2cos60° +2cos48° +1+2cos 12° — 2 cos 36° — 2 cos 12° + 1 + 2 cos 24° — 4(sin 18° —

sin 6°) cos 48°].

T = 4[cos 60° + cos48° + 1 — cos 36° + cos 24° — 2(sin 18° — sin 6°) cos 48°].

T = 4[cos 60° + cos 48° + 1 — cos 36° + cos 24° — sin 66° + sin 30° + sin 54° — sin 42°].

T = 42 — cos 36° + cos 24° — sin 66° + sin 54°].

T = 4]2 — 2sin30°sin 6° + 2sin 6° cos 60°] = 8. O

Problem 1.2. Find all functions f : RT™ — R such that z,y € RT,

1(seem) 7 Gra) /o

answer. let p(z,y) = f( ac+1 )+ f( ”H'l ) f(y) if we have y such that yf(y) > 1,z =

m = f(%) =0 Wthh is not true.

so for all x we have f(z) < 1. f(y) = %) —|—f(%) < 2 f(y) +f(%) =
M < fG2m) < fa+ D)L= yfy) < @+ Df(+1) =
forall 1 <z f(x )—5—>yf()<a<1p(:13y+1):>a:1
1) = F() = 1ple ), o > 1) = Sk = o +1 () = L 0
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Problem 1.3. Find f : R — R which satisfied:

2 f(y) + v f(z) = 2y flz +y)

answer. Let P(x,y) be the assertion 22 f(y) + v f(z) = zyf(z + y) Let ¢ = f(1) P(1,1)
= f(2)=2c

P(z,1) = ca:2+f(x) =xf(zx+1) P(+1,1) = c(z+1)2+f(z+1) = (x+1)f(z+2)
P(z,2) = 2cx® +4f(z) =2xf(z +2)

Multiplying the second by x and the third by Z1, this becomes (a) : ca?+f(z) =  f(z+1)
(b) : cx(x4+1)>+af(z+1) = z(z+1) f(z+2) (c ) cex?(w+1)42(z+1) f(z) = 2(x+1) f(242)
(a)+(b)-(c) : 2z+1)f(x) = cx(22+ 1) and so f(a:) =cx Vo # —3

Then P(—%,—3) = f(—3)=—% Andso ‘ f(z)=cx Vz ‘, which indeed fits, whatever

2
isceR O

Problem 1.4. Find all functions f : R — R such that

(i (160 = LOELE oy (g0 - LEHIED) o (o) - LI ) gy 1) -

F@) + F(5%) + f(27) = 3f(xyz)
for all z,y,z € R.
answer. Let P(z,y, z) be the assertion 3(f(z)(2z —y—2)+ f(y)(2y —z — 2) + f(2)(22 —
3
) —

z—y)f(@+y+2) = @)+ f(°) + [ (%) = 3f(xyz)
Let a = f(0), ¢ = f(1) and d = f(—1) P(1,0,0) = (c—l)(c—a)zOP(—l,0,0) =
(d+1)(d—a)=0P(1,1,-1) = (c—1)(c—=d)=0P(1,-1,—-1) = (d+1)(c—=d)=0

And so either c =1 and d = —1, either c=d =a

HIfc=d=a P(z,1,-1) = z(f(z) —a)f(z) = f(23) +2a — 3f(—x) P(x,0,0) =
f(@3) = 2f(2)? — axf(x) + a Adding, we get f(—z) = a and so ‘Sl s f(x)=a Vz ‘,
which indeed fits, whatever is a € R
2)Ifc=1andd=—1P(0,1,-1) = a=0P(z,0,0) = f(2?) =axf(x)? P(x,1,—-1)
— f(-2) = —f(2) Py, —y) = F@r?) = uf @)1 ()

Setting there z = 1, we get f(y®) = yf(y) and so f (:vy )= fa)f ( %) So f(zy) = f(z)f(y)
Vy > 0 and so, since odd, Vz,y So f(x?) = f(z)3 and so f(z)® = zf(x)? So Vz, either
f(x) =0, either f(z) =
If f(u) = 0 for some u # 0, 1 = f(1) = f(ud) = f(u)f(L) = 0, contradiction And so

’82 s flx) = , which indeed fits. O
Problem 1.5. In a triangle ABC, li";ﬁA = 1«?2)2353 Find the minimum value of +b .
2B _ A _ _sin(5-4) A
answer. 1«?;523 tan B IJCrOSinA 1+Cos2(f )—tan(g -3)
tanB=tan(Z —9) > B=T-4 A<T orB—w-%—g,A>§—>B:%”—§—>
A+ B= 57T+2A>3”—>c0ntradlctlon So B = —%,A:%—QB,C:TF—A—B:
%T”—— B+ whereB< 1
a?+b? sin?A+sin? B cos?2B+sin? B (2cos? B—1)% 4 1_1 — dcos? B 43> 4243

2 sin?2 C N cos? B - cos? B cos? B
with equality for

cos B =

1
V2
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Problem 1.6. Find all polynomials
(x — Dp(2z) =4(x + 1)p(z) + 5

answer. Setting z = 0, we get P(0) = —1.

Let then az™ with a # 0 the greatest degree summand of P(x)
Greatest degree summand of LHS is a2"a"*!

Greatest degree summand of RHS is 4az™t!

Son =2 and P(r) = az? +bx — 1

Plugging this in original equation, we get b = § and then a = —% Andso|P(z) = —% +

Problem 1.7.
log3, (43:3) — 2 =logy, 4x
answer. First, note that must hold z > 0 and x # % in order to logarithms be de-
fined. log3, (42%) — 2 = logy, (4z) [logy, (8z%) — logy, 2]2 — 2 = logy, (2x) + logy, 2
(3 —logy, 2)? — 2 = 1 + logy, 2 (logy, 2)* — T10gy, 2+ 6 = 0 log,, 2 = 1 or log,, 2 = 6
6

r=1lorx=— O]
2

Problem 1.8. Determine all the real numbers z for which
2logy(x — 1) =1 — logy(x + 2)

answer. 2logy(x —1) = 1 —logy(z + 2) logy(z — 1)? = logy 2 — logy (z + 2) logy(z — 1)% =

longL+2 (r—1)2 = %ﬁ (x —1)%(x +2) —2 =0 23 — 32 = 0, solution only z = v/3. [

Problem 1.9. Find the number of solution of log,(z — 1) = logy(z — 3).

answer. Let this common value be y. Then, z — 1 = 4¥ = (2¥)?2 = (z — 3)? =
(x —2)(x —5) = 0, we can check that x = 2 is extraneous and so the only solution is
z=05 O

Problem 1.10. Given that :
7
loga(log, 57) + log, 5(logax) = 3

Find the value of:

log22x + loggg
answer. Set x = 22 loga(log ) + log s(logax) = loga(2°T1) + logﬂ(Qa_l) = ol

_l’_
2a—1)=1%a=2xz=16 log2x + logss = 6 N

2

Problem 1.11. Solve over R the equation 4(sin®)* 4 g(tana)? — g(cosz)* | 3(cotanz)*

answer. Setting t = cos?x € (0,1), this is 417t + 3% = 4! + 377 LHS is decreasing
while RHS is increasing and so at most one real root over (0,1) t = % is a trivial root
™

mz%whichis "“":ZH% O

and so is the only one. And so cos?
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1 _ 1 1
4dr—3 — 2T—4x—2 + 437

Problem 1.12. Solve in R the equation 2r+1x+1 + 3o

answer. Common denominator on both sides yields

3 -3z —-242" 3 —-3rx—-242"

(27 + 24+ 1)(3% —4x —3) (2% — dx — 2)(x + 3%)

We see that the numerators are equal, meaning that this equality holds when the

numerator is equivalent to 0, or when the denominators are equal and not 0. Checking

the first case, 3% — 3x — 2 + 2¥ = 0 in real numbers when x = 0,1. The second case, we

solve as

2+ 2+ 1)(3° — 4z —3) = (2¥ — 4o — 2)(z + 37)
(27)(37)—(27) (42)—(3)(2°)+(x) (37) —4a” —3x+37 —da—3 = (27)(3")—(42)(3") —(2)(8") +(2) (2") —4a® — 2z
(42)(3%) — (42)(2%) + (2)(3%) — (2)(2%) + (3)(3") — (3)(2") =5z =3 =0
(3*=2"=-1)(bx+3)=0

This is true when z = —%, 1. Checking our answers through substitution verifies that our
3
solutions are indeed |x =0, 1, —E| O

Problem 1.13. Solve in real numbers the following equation: (\f — \/5)‘” + (\/§ -
V2)% 4+ (V3 +v2)" + (V6 + V5)* = 32.

answer. Let a = V6 — /5 and b = /3 — v/2 and f@)=a"+a " +b"+b""—32 f(x) is

an even function increasing over R™ and so decreasing over R~ So at most one real non

negative root and its opposite. And since f(2) = 0 we get the answer |z € {—2,+2}| O

.2 2
Sin~o COS™ (¢ _ N
Problem 1.14. Prove that 1 — Thcota — Ttiana = Cos.sina
a2 2 a3 3
_ sin*a _ cos*a _q_ _ sina _ _ costa I B 2 : _
answer. 1 l4+cota 1+tana 1 cosa+sina  sinadcosa 1—sin” a—cos” a+sinacosa =
sin o cos av OJ
Problem 1.15. Prove that cos 7 — cos 27” + cos 37” = %

_ 1 _1 _
answer. coSx —cos 2x+cos3xr = 5 cos r+cos 3r+cosdbx = 5 cos x+cos3xr+cosdr+... =
% n =3 cos T + cos 3x + cos BT = ;ﬁfﬁ ;?ﬁi =1 & sinbr =sinz z = 2]“CT“(I) x =

2k+1
#(2) (2)k=0—=z=1Z .. cosZ—cosZ +cos? =1 O

Problem 1.16. Determine all real numbers z > 0 for which
7
log, x — log, 16 = 6~ log, 8

answer. We have given the equation (1) log, z — log, 16 = % —log, 8, Clearly x > 0 by
equation (1), which implies there is a real number y s.t. (2) x = 2¥. The fact that
2 = (2")x when n € N yields logy, = 4 which combined with equation (1) give us

Y —log,2' =1 —¥ ie. (3) 5y—7=24log,2. Now there is a real number z s.t. % =2,
which according to formula (2) means 2Y* = 2, implying yz = 1. The fact that 2* = 2
implies log,2 =z = %, which inserted in equation (3) result in by — 7 = %, yielding

5y2 — Ty +24 = 0, i.e. (5y + 8)(y — 3) = 0. Consequently y = —% or y = 3, which
according to formula (2) means there are exactly two solutions of equation (1), namely

x:2_%:ﬁandm:23:8. O
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Problem 1.17. Solve the equation z'°810% = 3y/2

answer.
3 3 3y
IOglo 7108107 — logio 2y _— IOglofU _ lOgl()?y =10 logio 3

O]

Problem 1.18. Find number of solutions to the equation log, ; (z — 3) =log, 1 (z + 1)
2
answer. log, 1 (z—3) =log, 1(z+1) & log, i (z—3) = —L— & (log, 1 (z — l))2 =
z+1 2 T—35 z+1 2 log, 11 (z—1) z+1 2

Lsolog, (z—3)=+1=222+2-3=0=z€{1,3 O

Problem 1.19. Aj=bj=c a® 4+ b> = ¢? A b,c are sides of a traingle loga? + logh® = logc?
Find Max A

answer. We have a’? +b> =2, a®?’ = = >+ =a?’ < a’ =1+ b21—1 <1+ =

a?-1

max A = B = 45° O

Problem 1.20. Solve for z
logox = logs—_43

}gg;ﬁ = 101;)%335 = logz -log(5 — z) = log2 - log3

= log(5z — 2?) = log 6 Therefore: 5z — 2?2 =6 = 22 -52+6=0 (z—3)(x—2) =0
= :

answer. By change of bases:
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